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MUCKENHOUPT-TYPE CONDITIONS ON WEIGHTED
MORREY SPACES
JAVIER DUOANDIKOETXEA AND MARCEL ROSENTHAL
Abstract. We define a Muckenhoup-type condition on weighted
Morrey spaces using the Ko¨the dual of the space. We show that
the condition is necessary and sufficient for the boundedness of
the maximal operator defined with balls centered at the origin on
weighted Morrey spaces. A modified condition characterizes the
weighted inequalities for the Caldero´n operator. We also show that
the Muckenhoup-type condition is necessary and sufficient for the
boundedness on weighted local Morrey spaces of the usual Hardy-
Littlewood maximal operator, simplifying the previous character-
ization of Nakamura-Sawano-Tanaka. For the same operator, in
the case of global Morrey spaces the condition is necessary and for
the sufficiency we add a local Ap condition. We can extrapolate
from Lebesgue Ap-weighted inequalities to weighted global and lo-
cal Morrey spaces in a very general setting, with applications to
many operators.
1. Introduction
There are different versions of weighted Morrey spaces. We consider
a quite general form by defining for 1 ≤ p <∞ the space Mp(ϕ,w) as
the class of measurable functions in Rn for which
(1.1) ‖f‖Mp(ϕ,w) := sup
B
(
1
ϕ(B)
∫
B
|f |pw
)1/p
<∞,
where the supremum is taken over all the Euclidean balls in Rn. Here w
is a weight, that is, a nonnegative locally integrable function, and ϕ is
a function defined on the set of balls in Rn with values in (0,∞). This
definition is essentially the same as the one for generalized weighted
Morrey spaces considered by Guliyev in [6], for instance. We are par-
ticularly interested in three distinguished cases of ϕ corresponding to
the weighted Morrey spaces introduced by N. Samko ([17]), Komori-
Shirai ([8]) and Poelhuis-Torchinsky ([13]), but also the scale of spaces
introduced in [5] will be considered. In general, we need to impose
some conditions on ϕ to avoid trivial spaces. We fix some conditions
in Section 2.
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There are many papers devoted to the study of the boundedness of
operators in weighted Morrey spaces (see references in [3] and [12], for
instance). Nevertheless, to our knowledge it does not exist a charac-
terization of the weights w for which the Hardy-Littlewood maximal
operator is bounded onMp(ϕ,w), even in simple cases of ϕ. Sufficient
conditions and necessary conditions are known, but not both simulta-
neously, see [22], for instance. The desired characterization is obtained
in [12] in the setting of weighted local Morrey spaces, that is, Morrey
spaces in which only balls centered at the origin are considered in the
definition of the norm (see Section 6).
In the case of weighted Lebesgue spaces the characterization of the
boundedness of the Hardy-Littlewood maximal operator on Lp(w) is
given by the celebrated Muckenhoupt’s Ap condition. We consider
here a related condition adapted to the Morrey spaces in the following
form: a weight w is in A(Mp(ϕ)) if it satifies
(1.2) [w]A(Mp(ϕ)) := sup
B
‖χB‖Mp(ϕ,w)‖χB‖Mp(ϕ,w)′
|B|
<∞,
where Mp(ϕ,w)′ stands for the Ko¨the dual of Mp(ϕ,w) (see the defi-
nition in Section 2). Here B runs over all the balls in Rn. Sometimes
we restrict the set of balls and in such case we indicate it in the no-
tation. Notice that replacing Mp(ϕ,w) with Lp(w) we recover the
usual Ap condition, because the Ko¨the dual of L
p(w) is Lp
′
(w1−p
′
) for
1 < p < ∞. A condition of this style is used in [12] and is part
of the necessary and sufficient condition for the boundedness of the
Hardy-Littlewood maximal operator on local Morrey spaces. A condi-
tion involving the dual Morrey space (in a different version) appears
also in [22]. The use of Muckenhoupt-type conditions in the Morrey
setting was also suggested in [18].
In this paper we first deal with the maximal operator defined only
with balls centered at the origin, that is,
(1.3) M0f(x) = sup
r>|x|
1
|B(0, r)|
∫
|y|<r
|f(y)|dy.
The weights for which M0 is bounded on the Lebesgue space L
p(w)
are described in [2] through a Muckenhoupt-type condition restricted
to balls centered at the origin. Actually, most of the work in [2] is
done on (0,∞) and the extension to Rn is mentioned in Section 6 of
that paper. In the Morrey setting we prove that the condition (1.2)
restricted to such balls centered at the origin is necessary and suffi-
cient for the boundedness of M0 on M
p(ϕ,w). We prove this theorem
in Section 3, but for the necessity we present the result in the more
general setting of a basis of balls in Rn. The proof of the theorem gives
also a quantitative result: the norm of M0 as an operator bounded on
Mp(ϕ,w) is comparable to the constant of the weight given by (1.2).
3We point out that in the case p = 1 there are nontrivial weights for
which the boundedness on Morrey spaces holds. A similar fact was
already observed for Lebesgue spaces in [2].
In Section 4 we work with the n-dimensional version of the Caldero´n
operator. In (0,∞) this operator is defined as the sum of the Hardy
operator and its adjoint (and it is equivalent to the Hilbert operator).
Its natural extension to Rn is
(1.4) Sf(x) =
1
|x|n
∫
|y|<|x|
f(y)dy +
∫
|y|>|x|
f(y)
|y|n
dy.
This operator majorizes M0 (up to a constant) and shares its L
p(w)
weighted properties for 1 < p < ∞ ([2]). In the Morrey setting we
obtain a necessary and sufficient condition together with a sharp quan-
titative estimate of the operator norm. The condition is in general
more restrictive than the one for M0, and we show that at least for
some choices of ϕ they do not coincide.
In Section 5 we consider the usual Hardy-Littlewood maximal oper-
ator, denoted as M in the paper. It can be written as the sum of M0
(given in (1.3)) and a local maximal operator in the sense of [9] (defined
below in (2.7)). It is easy to give a sufficient condition for the bound-
edness of M on Mp(ϕ,w), it is enough to add a local (Lebesgue-type)
Ap condition to the one obtained for M0.
In Section 6 we deal with weighted local Morrey spaces. We improve
the necessary and sufficient condition for the boundedness of M ob-
tained in [12] in two ways: we prove that a condition similar to (1.2)
with local spaces is enough, instead of the two conditions involved in
the result of [12], and we get the result also for weak estimates, in-
cluding p = 1. In the latter case we also obtain a sharp quantitative
estimate in terms of the constant of the weight. We work independently
with M0 and the local Hardy-Littlewood maximal operator and later
we use the equivalence of M with the sum of both operators.
In Section 7 we prove an abstract result of the type of those studied
in [3, 4, 5]. We start with inequalities for pairs of functions satisfied
under the hypotheses of the extrapolation theorem for Ap weights in
the Lebesgue setting and we extend such inequalities to the Morrey
setting under conditions on the weight which resemble those obtained
for the Caldero´n operator in Section 4. The extrapolation-type results
are obtained also for the weighted local Morrey spaces, and in this
setting they are new.
In Section 8 we check that many previous results for weighted Morrey
spaces are included in our result. More precisely, we compare the results
in this paper with those in [5]. A new result we deduce from A(Mp(ϕ))
is that the boundedness of the maximal operator on weighted Morrey
spaces of Samko type (defined with ϕ(B) = rλB for 0 < λ < n) implies
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a quantitative reverse doubling condition on w, namely,
(1.5)
w(B1)
w(B2)
.
(
|B1|
|B2|
)λ
n
,
for balls B1 and B2 such that B1 ⊂ B2 (see Proposition 8.2). This
inequality is weaker than the reverse Ho¨lder assumption introduced in
our previous papers. The results in this section are also applied to the
weighted local Morrey spaces, and in this setting many of them are
new.
Notation.
• Given a set A, χA is its characteristic function, |A| is its Lebesgue
measure, and for a weight v, v(A) is the integral of v over A
(but notice that ϕ is not a weight in the definition of the norm
of the Morrey space);
• for a ball B, rB will denote its radius and cB its center; for
λ > 0, λB denotes the ball with center cB and radius λrB; B˜
is the smallest ball centered at the origin containing B, that is
B(0, |cB|+ rB);
• F . Gmeans that the inequality F ≤ cG holds with a constant
c depending only on the ambient parameters; and F ∼ G means
that both F . G and G . F hold.
2. Preliminary results and significant properties of
weighted Morrey spaces
The most popular versions of weighted Morrey spaces considered in
the literature are the following:
• ϕ(B) = w(B)λ/n (0 < λ < n), introduced by Komori and Shirai
in [8];
• ϕ(B) = rλB (0 < λ < n), introduced by N. Samko in [17].
It is worth mentioning the case ϕ(B) = w(B)φ(rB)
−1 considered by
Poelhuis and Torchinsky in [13], which is a weighted version of the
spaces in [19]. Formally, the generalized weighted Morrey spaces of
Guliyev in [6] are the same as the ones defined by (1.1) except for
the notation: our ϕ(B) is to be replaced by w(B)ψ(B)−1. In [5] we
introduced a double-parameter family of weighted Morrey spaces by
considering ϕ(B) = rλ1B w(B)
λ2/n, which contains the relevant examples,
and discussed conditions on λ1 and λ2 for the non triviality of the space.
2.1. Doubling, reverse doubling and reverse Ho¨lder. We assume
that ϕ is doubling, that is,
ϕ(2B) . ϕ(B).
5We also assume that it satisfies a reverse doubling property of the form
(2.1)
ϕ(B1)
ϕ(B2)
.
(
|B1|
|B2|
)δ
,
for some δ > 0 and every pair of balls B1 and B2 such that B1 ⊂ B2.
A doubling measure in Rn always satisfies a reverse doubling property
(see [21], for instance), but we are not assuming that ϕ is a measure.
Nevertheless, in the relevant examples it is easy to check that ϕ satisfies
a reverse doubling property. We write ϕ ∈ RDδ to precise the exponent
in (2.1). We write RDδ(a) when condition (2.1) is required only for
balls centered at a.
From the reverse doubling property it follows that if b < 1 the in-
equality
(2.2)
∞∑
j=0
ϕ(B(0, bjR)) . ϕ(B(0, R))
holds.
Remark 2.1. Using these properties of ϕ the following reductions in the
norm (1.1) are obtained using [5, Proposition 2.1]:
(a) for ϕ doubling we do not need to consider balls B with 0 <
|cB| < 4rB;
(b) if moreover ϕ satisfies (2.2), then the supremum in (1.1) re-
stricted to balls centered at the origin is equivalent to the supre-
mum restricted to balls B such that |cB| = 4rB.
Using both properties together, it is enough to consider (1.1) with
balls B such that |cB| > 4rB. For the local Morrey spaces of Section 6
|cB| = 4rB will be enough.
Remark 2.2. Let f be supported in a ball B. Then in (1.1) it is enough
to take into account balls contained in 2B. Indeed, if Q is a ball such
that Q∩B 6= ∅ and Q∩(2B)c 6= ∅, then it is easy to check that B ⊂ 5Q.
Therefore,
1
ϕ(Q)
∫
Q∩B
|f |pw ≤
ϕ(5Q)
ϕ(Q)
ϕ(B)
ϕ(5Q)
1
ϕ(B)
∫
B
|f |pw .
1
ϕ(B)
∫
B
|f |pw,
using the doubling and reverse doubling properties of ϕ.
The weight w satisfies a reverse Ho¨lder inequality with index σ, de-
noted as w ∈ RHσ, if(
1
|B|
∫
B
w(x)σdx
) 1
σ
≤
C
|B|
∫
B
w(x)dx.
If w ∈ RHσ, for any ball B and any measurable E ⊂ B it holds that
(2.3)
w(E)
w(B)
≤ c
(
|E|
|B|
)1/σ′
.
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In particular, w ∈ RD1/σ′ . Nevertheless, a weight can be reverse dou-
bling without satisfying a reverse Ho¨lder property. Actually, it can be
reverse doubling without even being doubling. For more information
about the properties of being doubling, reverse doubling and reverse
Ho¨lder we refer to [21].
To make sense of condition (1.2) we always assume that charac-
teristic functions of balls are in the Morrey space Mp(ϕ,w). In the
particular cases discussed in Section 8 this will be a consequence of the
assumptions of the involved parameters.
2.2. The Ko¨the dual (associate space) of a Banach lattice. Let
X be a Banach lattice of measurable functions in Rn (a Banach space
in which |g| ≤ |f | a.e. and f ∈ X implies g ∈ X and ‖g‖X ≤ ‖f‖X).
We define its Ko¨the dual as the space X ′ collecting the measurable
functions g such that
(2.4) ‖g‖X′ := sup
{∫
Rn
|fg| : f ∈ X and ‖f‖X ≤ 1
}
<∞.
By the duality property of the Lebesgue spaces, the associate space of
Lp(w) is Lp
′
(w1−p
′
) when 1 < p <∞ and p′ is the exponent conjugate
to p. See [11] for a study of the Ko¨the dual space of certain Morrey-
type spaces. Associate spaces are often defined for Banach function
spaces, but Morrey spaces need not be Banach function spaces in the
sense of the definition given in [1, Definitions 1.1 and 1.3] as proved in
[20]. Nevertheless, the definition makes sense for Morrey spaces, which
are Banach lattices.
An immediate consequence of (2.4) is the Ho¨lder-type inequality∫
Rn
|fg| ≤ ‖f‖X‖g‖X′.
The Ko¨the bidual X ′′ := (X ′)′ coincides with X isometrically if and
only if X has the Fatou property ([10, Remark 2 in p. 30]). This
means that if 0 ≤ fn ↑ f a.e. and ‖fn‖X ≤ 1, then f ∈ X and
limn→∞ ‖fn‖X = ‖f‖X . Morrey spaces satisfy the Fatou property.
When X ′′ = X , (2.4) holds switching the roles of X and X ′.
2.3. Weak-type Morrey spaces. We define for 1 ≤ p < ∞ the
weighted weak-type Morrey spaceWMp(ϕ,w) as the collection of mea-
surable functions in Rn for which
(2.5)
‖f‖WMp(ϕ,w) := sup
B
‖fχB‖Lp,∞(w)
ϕ(B)1/p
= sup
B
sup
t>0
t(w({x ∈ B : |f(x)| > t})1/p
ϕ(B)1/p
<∞,
7where the second equality is the definition of the quasinorm in the
Lorentz space Lp,∞(w). It is clear that Mp(ϕ,w) is continuously em-
bedded in WMp(ϕ,w). Also that for a measurable set E, it holds
(2.6) ‖χE‖WMp(ϕ,w) = ‖χE‖Mp(ϕ,w).
2.4. The local Hardy-Littlewood maximal operator. For fixed
κ ∈ (0, 1) we define the basis Bκ,loc as the family of balls B such that
rB < κ|cB|. The local Hardy-Littlewood maximal operator associated
to Bκ,loc acting on f at x 6= 0 is defined as
(2.7) Mκ,locf(x) = sup
x∈Bκ,loc
1
|B|
∫
B
|f |.
C.-C. Lin and K. Stempak considered in [9] a variant of this operator
and characterized its weighted inequalities by a local Ap condition. E.
Harboure, O. Salinas, and B. Viviani obtained in [7] a similar result
in a more general setting. Their result applied to the operator in (2.7)
says the following: Mκ,loc is bounded on L
p(w) (1 < p < ∞) if and
only if w satisfies the Ap,loc condition
(2.8) [w]Ap,loc = sup
B
w(B)1/pw1−p
′
(B)1/p
′
|B|
<∞,
where the supremum is taken over the balls in Bκ,loc. (Usually the Ap
constant of the weight w is defined as the p-th power of the constant
in (2.8).) They also proved that the condition is independent of κ, so
that we do not use this parameter in the notation of the weight class.
It is clear that the usual Ap weights are in Ap,loc and it is immediate
to check that |x|αw(x) ∈ Ap,loc whenever w ∈ Ap and α ∈ R. The
class A1,loc is defined with the appropriate modification as usual and
characterizes the weighted weak (1, 1) type inequality for Mκ,loc.
Notice that using the concept of Ko¨the dual the Ap condition can be
written as
sup
B
‖χB‖Lp(w)‖χB‖Lp(w)′
|B|
<∞.
Under this form it is valid also for p = 1 because ‖g‖L1(w)′ = ‖gw
−1‖∞.
We warn the reader that there is another version of local Ap weights.
It is associated to the Hardy-Littlewood maximal operator restricted
to balls of radius less than 1 and produces a class of weights which is
different from the one we are dealing with here. See [16] for details.
2.5. Inclusion properties of A(Mp(ϕ)). The classes A(Mp(ϕ)) are
increasing in p, like the usual Ap classes.
Proposition 2.3. Let 1 ≤ q < p <∞. Then A(Mq(ϕ)) ⊂ A(Mp(ϕ)).
Proof. Let s = p/q. The property
(2.9) ‖f s‖Mq(ϕ,w) = ‖f‖
s
Mp(ϕ,w)
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is immediate from the definition of the norm. In particular,
‖χB‖Mq(ϕ,w) = ‖χB‖
s
Mp(ϕ,w)
for any ball B.
We also have∫
B
f ≤
(∫
B
f s
)1/s
|B|1/s
′
≤ ‖f s‖
1/s
Mq(ϕ,w)‖χB‖
1/s
Mq(ϕ,w)′|B|
1/s′ .
Taking the supremum over f ∈ Mp(ϕ,w) with norm ≤ 1 and using
(2.9) we deduce
‖χB‖Mp(ϕ,w)′ ≤ ‖χB‖
1/s
Mq(ϕ,w)′|B|
1/s′.
Therefore,
‖χB‖Mp(ϕ,w)‖χB‖Mp(ϕ,w)′
|B|
≤
(
‖χB‖Mq(ϕ,w)‖χB‖Mq(ϕ,w)′
|B|
)1/s
and the proposition is proved. 
3. The maximal operator on balls centered at the origin
3.1. Necessity of the Ap-type Morrey condition. We prove this
result in a more general setting by using a standard technique. Let B
a collection of balls in Rn. For simplicity we assume that their union
is Rn. Define the maximal operator associated to B as
(3.1) MBf(x) = sup
x∈B,B∈B
1
|B|
∫
B
|f |.
Denote as AB(M
p(ϕ)) the class of weights satisfying (1.2) with the
supremum taken on the balls of B and let [w]AB(Mp(ϕ)) be the constant
of the weight w.
Theorem 3.1. Let 1 ≤ p < ∞. If MB is bounded from M
p(ϕ,w)
to WMp(ϕ,w) (hence also if it is bounded on Mp(ϕ,w)), then w ∈
AB(M
p(ϕ)). Moreover, the operator norm of MB is bounded below by
[w]AB(Mp(ϕ)).
Proof. Fix a ball B ∈ B. Then for x ∈ Rn(
1
|B|
∫
B
|f |
)
χB(x) ≤MBf(x).
Hence,(
1
|B|
∫
Rn
χB|f |
)
‖χB‖WMp(ϕ,w) ≤ ‖MBf‖WMp(ϕ,w) ≤ C‖f‖Mp(ϕ,w).
Taking the supremum over the functions f for which ‖f‖Mp(ϕ,w) ≤ 1
and using (2.6), we obtain that w ∈ AB(M
p(ϕ)) and that the operator
norm of MB is bounded below by [w]AB(Mp(ϕ)). 
93.2. Sufficiency of the Ap-type Morrey condition for M0. The
operator M0 has been defined in (1.3) as the maximal operator asso-
ciated to the basis B0 of balls centered at the origin. We use only the
subscript 0 and not B0, and denote as A0(M
p(ϕ)) and [w]A0(Mp(ϕ)) the
corresponding class of weights and the constant of w.
Theorem 3.2. Let 1 ≤ p <∞. The following are equivalent:
(i) The operator M0 is bounded from M
p(ϕ,w) to WMp(ϕ,w).
(ii) w ∈ A0(M
p(ϕ)).
(iii) The operator M0 is bounded on M
p(ϕ,w).
Moreover, the operator norm of M0 in (i) and (iii) is equivalent to
[w]A0(Mp(ϕ)).
Proof. We only need to prove that (ii) implies (iii). Indeed, Theorem
3.1 says that (i) implies (ii), and (iii) implies (i) due to the embedding
of Mp(ϕ,w) into WMp(ϕ,w).
Let B be a ball such that |cB| > 4rB and f a locally integrable
function. By definition, M0f is radially decreasing. As a consequence,
it is essentially constant in B in the sense that
sup
y∈B
M0f(y) ≤ C inf
y∈B
M0f(y),
where C is a dimensional constant. Indeed, to compute M0f(y) we
only need to take into account balls B(0, ρ) with ρ > |cB| − rB. But
|cB| + rB < 2(|cB| − rB) and the average of f on B(0, ρ) with |cB| −
rB < ρ < |cB| + rB is bounded by a constant times the average on
B(0, |cB|+ rB). Hence, for y ∈ B,
M0f(y) ∼ sup
ρ>|cB|+rB
1
|B(0, ρ)|
∫
B(0,ρ)
|f |.
Let B′ be a ball centered at the origin and containing B. Then
1
|B′|
∫
B′
|f | ≤
1
|B′|
‖f‖Mp(ϕ,w)‖χB′‖Mp(ϕ,w)′
≤ ‖f‖Mp(ϕ,w)
[w]A0(Mp(ϕ))
‖χB′‖Mp(ϕ,w)
≤ ‖f‖Mp(ϕ,w)
[w]A0(Mp(ϕ))
‖χB‖Mp(ϕ,w)
.
(We used the trivial inequality ‖χB‖Mp(ϕ,w) ≤ ‖χB′‖Mp(ϕ,w).) As a
consequence,
sup
y∈B
M0f(y) . ‖f‖Mp(ϕ,w)
[w]A0(Mp(ϕ))
‖χB‖Mp(ϕ,w)
.
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Using this estimate,(
1
ϕ(B)
∫
B
(M0f)
pw
)1/p
.
(
1
ϕ(B)
∫
B
w
)1/p
‖f‖Mp(ϕ,w)
[w]A0(Mp(ϕ))
‖χB‖Mp(ϕ,w)
. ‖f‖Mp(ϕ,w)[w]A0(Mp(ϕ)).
This proves the sufficiency of w ∈ A0(M
p(ϕ)) and also that the oper-
ator norm of M0 on M
p(ϕ,w) is bounded above by C[w]A0(Mp(ϕ)). 
Remark 3.3. Notice that the proof shows that for any ball B′ centered
at the origin the integral of f over B′ is finite for f ∈Mp(ϕ,w) and w ∈
A0(M
p(ϕ)). Hence, assuming in the proof that f is locally integrable
is not an extra condition. We need the local integrability of f to define
the Hardy-Littlewood maximal operator.
Remark 3.4. The result in Theorem 3.2 is valid for p = 1. It was
proved in [2] that for nontrivial weights w, the operatorM0 is bounded
on L1(w), although it is unbounded on the unweighted space L1. Also
in the Morrey setting nontrivial results can be established for p = 1,
even with w ≡ 1. On the one hand, we have the trivial estimate
‖χB‖M1(ϕ,1)′ ≤ ϕ(B).
On the other hand, in many cases it holds
‖χB‖M1(ϕ,1) .
|B|
ϕ(B)
.
This holds in particular for the usual Morrey spaces, where ϕ(B) = rλB
with 0 < λ < n.
Notice also that the characterization of the weighted inequalities in
the strong case and in the weak case are the same for all values of p.
This holds also in the Lebesgue setting for p > 1, but not for p = 1
(see [2]).
4. The Caldero´n operator
The n-dimensional version of the Caldero´n operator has been defined
in (1.4). It is pointwise equivalent to the n-dimensional version of
the Hilbert operator (not to be confused with the Hilbert transform)
defined as
S˜f(x) =
∫
Rn
f(y)
|x|n + |y|n
dy.
These operators majorize pointwise (up to a constant) M0 for nonneg-
ative f , and share its weighted boundedness properties on Lp(w) (see
[2]).
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Theorem 4.1. Let 1 ≤ p < ∞. The operator S is bounded on
Mp(ϕ,w) if and only if
(4.1) sup
B
1
|B|
‖χB‖Mp(ϕ,w)‖M0(χB)‖Mp(ϕ,w)′ <∞,
where the supremum is taken over the balls centered at the origin.
Moreover, the operator norm of S is comparable to the left-hand side
of (4.1).
Proof. Necessity. Let B be a ball centered at the origin. Then
M0(χB)(y) ∼ |B|min
(
1
|B|
,
1
|y|n
)
.
Hence,
1
|B|
(∫
Rn
M0(χB)|f |
)
χB(x) .
∫
Rn
|f(y)|min
(
1
|x|n
,
1
|y|n
)
dy
= S(|f |)(x).
Assuming that S is bounded on Mp(ϕ,w) we have
1
|B|
(∫
Rn
M0(χB)|f |
)
‖χB‖Mp(ϕ,w) . ‖S(|f |)‖Mp(ϕ,w) . ‖f‖Mp(ϕ,w).
Taking the supremum over the functions f with ‖f‖Mp(ϕ,w) ≤ 1 we
obtain (4.1).
Sufficiency. Let B be a ball such that |cB| > 4rB. Without loss of
generality we assume that f is nonnegative. By an argument similar
to the one in Theorem 3.2 we deduce that the value of Sf(x) for x ∈ B
is essentially constant, namely,
Sf(x) ∼
1
|B˜|
∫
|y|<R
f(y)dy +
∫
|y|>R
f(y)
|y|n
dy ∼
∫
Rn
M0(χB˜)
|B˜|
f,
where B˜ is the smallest ball centered at the origin containing B. Then
we have(
1
ϕ(B)
∫
B
|Sf |pw
)1/p
.
(
1
ϕ(B)
∫
B
w
)1/p ∫
Rn
M0(χB˜)
|B˜|
f
. ‖χB‖Mp(ϕ,w)
‖M0(χB˜)‖Mp(ϕ,w)′
|B˜|
‖f‖Mp(ϕ,w).
Replacing B with B˜ in the right-hand side we deduce that condition
(4.1) is sufficient. 
Remark 4.2. It is clear that (4.1) implies A0(M
p(ϕ)). This can be
also deduced from the pointwise inequality M0f(x) ≤ S(|f |)(x). But
the condition A0(M
p(ϕ)) of Theorem 3.2 is not sufficient in general
for the boundedness of the Caldero´n operator on Mp(ϕ,w). Let us
consider the case ϕ(B) = r(B)λ, corresponding to the spaces of Samko
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type. Then w(x) = |x|λ−n ∈ A0(M
p(ϕ)), but S is not bounded on
Mp(ϕ,w).
To show that |x|λ−n ∈ A0(M
p(ϕ)) it would be enough to invoke
Tanaka’s result in [22] saying that M (which is bigger than M0) is
bounded for such weighted Morrey space (this result is also proved in
[4]). But we can also check it directly. To this end, let B be a ball
centered at the origin and Q a ball with |cQ| > 4rQ. Then
1
rλ
∫
Q∩B
|y|λ−ndy .
(
rQ
|cQ|
)n−λ
≤ 1.
Hence, ‖χB‖Mp(ϕ,w) . 1.
On the other hand,∫
B
f ≤
(
1
rλB
∫
B
|f(y)|p|y|λ−ndy
)1/p
r
λ/p
B
(∫
B
|y|(n−λ)(p
′−1)dy
)1/p′
. ‖f‖Mp(ϕ,w) r
n
B ∼ ‖f‖Mp(ϕ,w) |B|.
Taking the supremum over the functions f such that ‖f‖Mp(ϕ,w) ≤ 1,
we deduce that ‖χB‖Mp(ϕ,w)′ . |B|, and the condition A0(M
p(ϕ)) is
satisfied.
Consider now B = B(0, 1). For |x| < 1,
S(χB)(x) =
1
|x|n
∫
|y|<|x|
dy +
∫
|x|<|y|<1
1
|y|n
dy ∼ 1− log |x|.
But S(χB) /∈M
p(ϕ,w). Indeed,(
1
(|x|/4)λ
∫
B(x,|x|/4)
|1− log |y||p|y|λ−ndy
)1/p
∼ |1− log |x||
is unbounded when x is close to 0.
Notice that ifM0 is bounded onM
p(ϕ,w)′, then (4.1) is equivalent to
w ∈ A0(M
p(ϕ)). This counterexample shows that in the case ϕ(B) =
r(B)λ and w(x) = |x|λ−n, M0 is bounded on M
p(ϕ,w), but not on
Mp(ϕ,w)′.
The last conclusion can also be deduced by means of a result similar
to those in [15], which is easily obtained in this setting: M0 is bounded
on X and X ′ if and only if S is bounded on X, whenever X has the
Fatou property. This is a consequence of the following:
(i) S bounded on X is equivalent to S bounded on X ′, because S
is self-adjoint;
(ii) M0f ≤ Sf pointwise for nonnegative f ;
(iii) S is the sum of the Hardy operator and its adjoint, and M0 is
a pointwise bound for the Hardy operator.
Based on this we deduce the following two results:
(1) If M0 is bounded on M
p(ϕ,w) and S is not, then M0 is not
bounded on Mp(ϕ,w)′.
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(2) If w ∈ A0(M
p(ϕ)) and
‖M0(χB)‖Mp(ϕ,w)′ . ‖χB‖Mp(ϕ,w)′
for balls centered at the origin, thenM0 is bounded onM
p(ϕ,w)′.
5. The Hardy-Littlewood maximal operator
In this section we deal with the full Hardy-Littlewood maximal op-
erator. We prove that it is bounded onMp(ϕ,w) if the weight satisfies
(1.2) and a local Ap condition (2.8). In Section 8 we show that many
weights satisfy this joint sufficient condition.
Theorem 5.1. The following results hold for M .
(1) Let 1 ≤ p <∞. IfM is bounded fromMp(ϕ,w) toWMp(ϕ,w),
then w ∈ A(Mp(ϕ)).
(2) Let 1 < p <∞. If w ∈ A(Mp(ϕ)) and w(·+a) ∈ Ap,loc(R
n) for
some a ∈ Rn, then M is bounded on Mp(ϕ,w).
(3) If w ∈ A(M1(ϕ)) and w(· + a) ∈ A1,loc(R
n) for some a ∈ Rn,
then M is bounded from M1(ϕ,w) to WM1(ϕ,w).
Proof. (1) The necessity of w ∈ A(Mp(ϕ)) is a particular case of The-
orem 3.1.
(2) We assume that a = 0. Let B with |cB| > 4rB. Given a non-
negative function f we decompose it as f = f1 + f2, where f1 = fχ2B.
Using the subadditivity of M we have
Mf(y) ≤Mf1(y) +Mf2(y).
Since f1 is supported in 2B, to compute Mf1(y) for y ∈ B we only
need to consider balls B(y, ρ) with ρ < 3rB. Moreover, for rB <
ρ < 3rB the average on B(y, ρ) is comparable to the average on 2B.
Therefore,
Mf1(y) ∼ sup
ρ≤rB
1
|B(y, ρ)|
∫
B(y,ρ)
|f |+
1
|2B|
∫
2B
|f |
∼Mlocf1(y) +
1
|2B|
∫
2B
|f |.
On the other hand, since f2 is supported on (2B)
c, to compute
Mf2(y) for y ∈ B one only needs to consider balls of radius greater
than rB and as a consequence, Mf2 is almost constant on B. Then
Mf2(y) ∼ sup
B′⊃B
1
|B′|
∫
B′
|f | for all y ∈ B.
Altogether, we have for all y ∈ B and some B′ with B ⊂ B′ that
(5.1) Mf(y) ∼ Mloc(fχ2B)(y) + sup
B′⊃B
1
|B′|
∫
B′
|f |.
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Then we have(
1
ϕ(B)
∫
B
|Mf |pw
)1/p
.
(
1
ϕ(B)
∫
B
|Mloc(fχ2B)|
pw
)1/p
+
(
1
ϕ(B)
∫
B
w
)1/p
sup
B′⊃B
1
|B′|
∫
B′
|f |.
If w ∈ Ap,loc(R
n), the first term is bounded by a constant times(
1
ϕ(B)
∫
2B
|f |pw
)1/p
≤ C‖f‖Mp(ϕ,w),
using the doubling property of ϕ. The second term is treated as in the
proof of Theorem 3.2.
If a 6= 0, it is enough to make a translation.
(3) From (5.1) we use the weak-type (1,1) inequality of Mloc. The
last term is treated as for p > 1. 
Remark 5.2. It is possible to generalize this statement as follows: write
w =
∑N
j=1wj and assume that for each j, wj(·+aj) satisfies the second
condition, possibly for different values of aj.
6. The Hardy-Littlewood maximal operator on weighted
local Morrey spaces
In this section we consider local Morrey spaces. We define for 1 ≤
p < ∞ the space LMp(ϕ,w) as the class of measurable functions in
R
n for which
(6.1) ‖f‖LMp(ϕ,w) := sup
R>0
(
1
ϕ(B(0, R))
∫
B(0,R)
|f |pw
)1/p
<∞.
This is the same as (1.1), but restricted to balls centered at the origin.
The local Morrey spaces are also named central Morrey spaces by some
authors.
We also consider the corresponding weak-type spaces. We define
WLMp(ϕ,w) by modifying the definition (6.1) as we did in Subsection
2.3. The embedding of LMp(ϕ,w) into WLMp(ϕ,w) is clear, and the
equality (2.6) also holds with local Morrey spaces.
Notice that here the term local does not refer to balls separated
from the origin as in the case of the local Hardy-Littlewood maximal
operator defined in Section 2. We also point out that the term local
Morrey space has been used to designate a different class of Morrey
spaces, namely those obtained by restricting the supremum in (1.1) to
balls of radius less than 1. See [14], for instance.
Following part (b) of Remark 2.1, in the norm given by (6.1) we
can replace the balls centered at the origin by balls B with |cB| = 4rB.
The idea of this reduction comes from [12], where it is applied to dyadic
cubes instead of balls.
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As we did for the usual Morrey spaces, we consider the Ko¨the dual
of LMp(ϕ,w) and define the class A(LMp(ϕ)) as in (1.2), using the
local Morrey spaces instead, that is,
(6.2) [w]A(LMp(ϕ)) := sup
B
‖χB‖LMp(ϕ,w)‖χB‖LMp(ϕ,w)′
|B|
<∞.
Here the supremum is over all the balls in Rn. We denote asA0(LM
p(ϕ))
and Aloc(LM
p(ϕ)) the classes of weights for which (6.2) is satisfied re-
stricted to balls centered at the origin and to balls B such that |cB| >
4rB, respectively. The corresponding constants will be [w]A0(LMp(ϕ))
and [w]Aloc(LMp(ϕ)).
We prove that being in A(LMp(ϕ)) is necessary and sufficient for the
boundedness of the Hardy-Littlewood maximal operator on weighted
local Morrey spaces. This result simplifies the characterization ob-
tained in [12], where two conditions were needed. Moreover, we extend
the results to the setting of weak-type weighted inequalities, which were
not considered in [12]. In particular, we can cover the case p = 1. In
the weak case we also get a sharp quantitative result.
Theorem 6.1. (a) Let 1 < p < ∞. The Hardy-Littlewood maximal
operator is bounded on LMp(ϕ,w) if and only if w ∈ A(LMp(ϕ)).
(b) Let 1 ≤ p < ∞. The Hardy-Littlewood maximal operator is
bounded from LMp(ϕ,w) toWLMp(ϕ,w) if and only if w ∈ A(LMp(ϕ)).
Moreover, the operator norm is comparable to [w]A(LMp(ϕ)).
In the definition of the usual Hardy-Littlewood maximal operator
balls of the form B(y, r) with 0 < |y| ≤ 4r can be avoided. This is
because we can replace such a ball by B(0, 5r), which contains B(y, r)
and has comparable size. The remaining balls can be distributed into
two sets: those centered at the origin and those of the form B(y, r)
with |y| > 4r. Denoting as Mloc the local maximal operator M1/4,loc
defined in (2.7) we have
(6.3) Mf(x) ∼M0f(x) +Mlocf(x).
To prove Theorem 6.1 we prove separate results for M0 and Mloc.
We use the following key observation: for a function f supported in
a ball B with 4rB < |cB| it holds that
(6.4) ‖f‖LMp(ϕ,w) ∼
(
1
ϕ(B˜)
∫
B
|f |pw
)1/p
,
where B˜ is as defined in the introduction. This is because the balls
B(0, R) with R < |cB| − rB do not intersect B and ϕ(B(0, R)) is
essentially constant for |cB| − rB < R < |cB|+ rB, due to the doubling
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property of ϕ. In particular, if f is the characteristic function of B,
(6.5) ‖χB‖LMp(ϕ,w) = ‖χB‖WLMp(ϕ,w) ∼
(
w(B)
ϕ(B˜)
)1/p
.
Before characterizing the weights for Mloc we prove the following
lemma.
Lemma 6.2. Let 1 ≤ p <∞. The class of weights Aloc(LM
p(ϕ)) co-
incides with Ap,loc. Moreover, the constants [w]Aloc(LMp(ϕ)) and [w]Ap,loc
are comparable.
Proof. Let 1 < p <∞. We claim that
(6.6) ‖χB‖LMp(ϕ,w)′ ∼ w
1−p′(B)1/p
′
ϕ(B˜)1/p.
Once this is proved, together with (6.5) we obtain the result of the
lemma for p > 1.
On the one hand we have
‖χB‖LMp(ϕ,w)′ ≥
1
‖w1−p′χB‖LMp(ϕ,w)
∫
B
w1−p
′
∼ w1−p
′
(B)1/p
′
ϕ(B˜)1/p.
On the other hand,∣∣∣∣∫
B
f
∣∣∣∣ ≤ (∫
B
f pw
)1/p
w1−p
′
(B)1/p
′
≤ ϕ(B˜)1/p‖f‖LMp(ϕ,w)w
1−p′(B)1/p
′
.
Taking the supremum over the functions f with ‖f‖LMp(ϕ,w) ≤ 1 proves
the claim.
Let p = 1. We have (6.5). Moreover, if w ∈ A1,loc,∣∣∣∣∫
B
f
∣∣∣∣ . ∫
B
|f |w
|B|
w(B)
≤ ϕ(B˜)
|B|
w(B)
‖f‖LM1(ϕ,w).
From here we obtain
‖χB‖LM1(ϕ,w)′ . ϕ(B˜)
|B|
w(B)
,
which together with (6.5) implies that w ∈ A(LM1(ϕ)).
Let E be a subset of B of positive measure. Then
‖χB‖LM1(ϕ,w)′ ≥
1
‖χE‖LM1(ϕ,w)
∫
B
χE ∼
ϕ(B˜)|E|
w(E)
.
For w ∈ A(LM1(ϕ)), using (6.5) we obtain
(6.7)
w(B)
|B|
.
w(E)
|E|
.
With E = {x ∈ B : w(x) ≤ infB w + ǫ} we obtain
w(B)
|B|
. inf
B
w + ǫ.
Since this holds for any ǫ > 0 we get the A1,loc condition.
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The comparability of the constants [w]Aloc(LMp(ϕ)) and [w]Ap,loc is a
consequence of the proof. 
Proposition 6.3. (a) Let 1 < p < ∞. Then M1/4,loc is bounded on
LMp(ϕ,w) if and only if w ∈ Ap,loc.
(b) Let 1 ≤ p < ∞. Then M1/4,loc is bounded from LM
p(ϕ,w) to
WLMp(ϕ,w) if and only if w ∈ Ap,loc.
In both cases, equivalently, if Aloc(LM
p(ϕ)). Moreover, in case (b)
the operator norm is equivalent to [w]Aloc(LMp(ϕ)).
Proof. The necessity is proved as in Theorem 3.1.
For the sufficiency in the case 1 < p < ∞ it is enough to prove
the case (a). Take a ball B such that |cB| = 4rB. By the definition
of the local maximal operator M1/4,loc we have that when we evaluate
M1/4,locf(y) only the values of f on balls of the form B(z, |z|/4) con-
taining y are involved. One can check that those balls are inside 5B.
Hence, for y ∈ B we have
M1/4,locf(y) = M1/4,loc(fχ5B)(y).
Then
1
ϕ(B)
∫
B
|M1/4,locf |
pw =
1
ϕ(B)
∫
B
|M1/4,loc(fχ5B)|
pw
.
1
ϕ(B)
∫
5˜B
|f |pw ≤
ϕ(5˜B)
ϕ(B)
‖f‖pLMp(ϕ,w).
The result follows from the doubling property of ϕ.
The sufficiency for p = 1 in (b) is proved in the same way, but we
use the weak-type (1,1) inequality for M1/4,loc and A1,loc instead of the
strong type.
To prove that the operator norm in the weak case is equivalent to
[w]Aloc(LMp(ϕ)), we obtain the lower bound from Theorem 3.1. The
upper bound is obtained taking into account that M1/4,loc is bounded
from Lp(w) to Lp,∞(w) with constant comparable to [w]Ap,loc. For p = 1
this is implicit in the proof of [7, Theorem 1.1], and for p > 1 it is
enough to adapt such proof. 
For the maximal operator M0 we have the following result.
Proposition 6.4. Let 1 ≤ p <∞. Then M0 is bounded on LM
p(ϕ,w)
if and only if w ∈ A0(LM
p(ϕ)). Equivalently, if and only if M0 is
bounded from LMp(ϕ,w) to WLMp(ϕ,w). Moreover, the operator
norm in both cases is equivalent to [w]A0(LMp(ϕ)).
The proof is the same as the one given in Theorem 3.2.
Using the last two propositions and (6.3), Theorem 6.1 is proved.
It is immediate to check that Theorem 4.1 holds for LMp(ϕ,w), and
that Remark 4.2 and the comments following it are also valid in the
setting of weighted local Morrey spaces.
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7. Morrey boundedness from extrapolation of Lebesgue
estimates
In our previous papers ([3, 4, 5]) we extended the weighted Lebesgue
estimates appearing in the extrapolation theorem to the Morrey set-
ting. In the framework of the current paper the corresponding result
is the following.
Theorem 7.1. Let 1 ≤ p0 <∞ and let F be a collection of nonnegative
measurable pairs of functions. Assume that for every (f, g) ∈ F and
every v ∈ Ap0 we have
(7.1) ‖g‖Lp0(v) . ‖f‖Lp0(v),
where the constant involved in the inequality does not depend on the pair
(f, g) and it depends on v only in terms of [v]Ap0 . Then for 1 < p <∞
and w ∈ Ap,loc satisfying
(7.2) sup
B
1
|B|
‖χB‖Mq(ϕ,w)‖M(χB)
1
s‖Mq(ϕ,w)′ <∞,
for some q < p and some s > 1, it holds
(7.3) ‖g‖Mp(ϕ,w) . ‖f‖Mp(ϕ,w).
If (7.1) holds for p0 = 1, then q = p can be taken in (7.2) and
moreover the conclusion (7.3) is valid also for p = 1.
Remark 7.2. Before proceeding with the proof of the theorem we make
the following observations. Assuming that (7.2) holds for fixed q < p
and s > 1, we have: (i) s can be replaced by any other value in (1, s);
(ii) q can be replaced by any other value in (q, p) (changing the value
of s if needed).
Statement (i) holds trivially because M(χB) ≤ 1; hence, M(χB)
1
s is
increasing with s. To prove (ii) take q˜ > q and denote r = q˜/q. On the
one hand,
‖χB‖Mq(ϕ,w) = ‖χB‖
r
Mq˜(ϕ,w),
using (2.9). On the other hand, for some s1 > 1 to be precised, using
Ho¨lder’s inequality,∫
M(χB)
1
s1 f ≤
(∫
M(χB)
1
s f r
) 1
r
(∫
M(χB)
(
1
s1
− 1
sr
)
r′
) 1
r′
.
We choose s1 > 1 such that the exponent of M(χB) in the last integral
is greater than 1. This is equivalent to requiring that
1
s1
>
1
sr
+
1
r′
.
Since the right-hand side is smaller than 1, it is possible to choose
s1 > 1 satisfying the condition. Now we can use the boundedness of
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M to write∫
M(χB)
1
s1 f . ‖M(χB)
1
s‖
1
r
Mq(ϕ,w)′‖f
r‖
1
r
Mq(ϕ,w)|B|
1
r′
= ‖M(χB)
1
s‖
1
r
Mq(ϕ,w)′‖f‖Mq˜(ϕ,w)|B|
1
r′ .
Taking the supremum on the functions f such that ‖f‖Mq˜(ϕ,w) ≤ 1 we
get
‖M(χB)
1
s1 ‖Mq˜(ϕ,w)′ . ‖M(χB)
1
s‖
1
r
Mq(ϕ,w)′|B|
1
r′ .
This gives (7.2) for q˜, with s1 instead of s.
Proof of Theorem 7.1. Case p0 = 1 and 1 < p < ∞. The assumption
is now
(7.4) ‖g‖L1(v) . ‖f‖L1(v), for v ∈ A1.
Let p > 1. Since w ∈ Ap,loc, we know that w
1−p′ ∈ Ap′,loc and we can
choose s > 1 such that w1−p
′
∈ Ap′/s,loc.
Let B be a ball with |cB| > 4rB. There exists nonnegative h ∈
Lp
′
(w,B) with norm 1 such that∫
B
hp
′
w = 1 and
(∫
B
gpw
) 1
p
=
∫
B
ghw.
Since hwχB ≤ M(h
swsχB)
1/s and M(hswsχB)
1/s is an A1 weight for
s > 1, we can write∫
B
ghw ≤
∫
Rn
gM(hswsχB)
1/s ≤ C
∫
Rn
fM(hswsχB)
1/s,
where in the second inequality we use (7.4). To ensure thatM(hswsχB)
1/s
is in A1 we need to check that it is finite almost everywhere and for
this it suffices to show that hswsχB is integrable. We prove this and
get a bound for future use. We have(∫
B
hsws−1w
) 1
s
≤
(∫
B
hp
′
w
) 1
p′
(∫
B
w
s(p′−1)
p′−s
) 1
s
− 1
p′
. |B|
1
s
(∫
B
w1−p
′
)− 1
p′
.
(∫
B
w
) 1
p
|B|−
1
s′ ,
(7.5)
where the second inequality holds because w1−p
′
∈ Ap′/s,loc (the expo-
nent of w in the integral can be written as (1− p′)/(1− (p′/s)) and in
the last one we use
|B| ≤
(∫
B
w
) 1
p
(∫
B
w1−p
′
) 1
p′
.
We decompose the integral of fM(hswsχB)
1/s over Rn in the form
(7.6)
∫
2B
fM(hswsχB)
1/s +
∫
Rn\2B
fM(hswsχB)
1/s.
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To deal with the first term in (7.6) we use Ho¨lder’s inequality,∫
2B
fM(hswsχB)
1/s ≤
(∫
2B
f pw
) 1
p
(∫
2B
M(hswsχB)
p′/sw1−p
′
) 1
p′
.
The function hswsχB is supported on B and for y ∈ 2B the value of
M(hswsχB)(y) only needs to take into account balls of radii less than
3rB. Therefore,
(7.7) M(hswsχB)(y) ∼Mloc(h
swsχB)(y) +
1
|B|
∫
B
hsws.
Since s has been chosen such that w1−p
′
∈ Ap′/s,loc, we use the weighted
boundedness of Mloc for the first summand and (7.5) for the second to
see that the last term is less than a constant. On the other hand,
(7.8)
(∫
2B
f pw
) 1
p
. ϕ(2B)
1
p‖f‖Mp(ϕ,w).
From the doubling property of ϕ we obtain the desired bound.
To deal with the integral on Rn \ 2B we first realize that for a func-
tion supported on B the maximal function at a point y outside 2B
only needs to take into account averages on balls containing y and in-
tersecting B. Therefore, we are only concerned with balls whose radii
are comparable to |y − cB|. Thus for y ∈ R
n \ 2B we have
M(hswsχB)(y)
1
s ∼
(
1
|y − cB|n
∫
B
hsws
) 1
s
∼
(
M(χB)(y)
|B|
∫
B
hsws
) 1
s
.M(χB)(y)
1
s
w(B)
1
p
|B|
.
M(χB)(y)
1
s
|B|
ϕ(B)
1
p‖χB‖Mp(ϕ,w),
using (7.5) in the third step. Then∫
Rn\2B
fM(hswsχB)
1/s .
(∫
Rn\2B
fM(χB)
1
s
)
ϕ(B)
1
p
|B|
‖χB‖Mp(ϕ,w)
. ‖f‖Mp(ϕ,w)‖M(χB)
1
s‖Mp(ϕ,w)′
ϕ(B)
1
p
|B|
‖χB‖Mp(ϕ,w).
The desired estimate follows from (7.2) with q = p.
Case p0 = 1 and p = 1. Let B be a ball with |cB| > 4rB and w ∈
A1,loc satisfying (7.2) with q = 1. Choose s > 1 such that w
s ∈ A1,loc.
(This is the same as satisfying a reverse Ho¨lder condition with exponent
s over the balls used in the definition of Mloc.) Then∫
B
gw ≤
∫
Rn
gM(wsχB)
1/s ≤ C
∫
Rn
fM(wsχB)
1/s,
using (7.4) in the second inequality. We are like in (7.6) with h ≡
1. Over 2B we have (7.7) and since ws ∈ A1,loc we deduce that
Mloc(w
sχB)
1/s(y) . w(y) a.e. and we are like in (7.8) with p = 1.
21
For y ∈ Rn \ 2B we have
M(wsχB)(y)
1
s ∼
(
1
|y − cB|n
∫
B
ws
) 1
s
.
M(χB)(y)
1
s
|B|
∫
B
w
.
M(χB)(y)
1
s
|B|
ϕ(B)‖χB‖M1(ϕ,w),
where the second inequality is a consequence of ws ∈ A1,loc. We are in
the same situation as in the previous part of the proof.
Case p0 > 1 and p > 1. Let w ∈ Ap,loc. Take q ∈ (1, p) for which
(7.2) holds and w ∈ Aq,loc. By the extrapolation theory for weighted
Lebesgue spaces we can take any p0 ∈ (1,∞) in (7.1). In particular,
(7.9) ‖gp/q‖L1(v) . ‖f
p/q‖L1(v), for v ∈ A1.
Using the first part of the proof we deduce
‖gp/q‖Mq(ϕ,w) . ‖f
p/q‖Mq(ϕ,w),
which is equivalent to (7.3). 
A comment similar to Remark 4.2 can be made here: there are
weights satisfying (1.2) which do not satisfy (7.2) for q ≤ p. Indeed,
again in the case of the Samko type space the Hardy-Littlewood maxi-
mal operator is bounded for w(x) = |x|λ−n, but some singular integrals
are not (for instance, the Hilbert transform in the case n = 1, see
[17, 4]). This means that (1.2) is not sufficient and legitimates the
presence of the stronger condition (7.2) in Theorem 7.1.
The main result of [15] can be applied here: the boundedness of the
Hardy-Littlewood maximal operator on both X and X ′ is equivalent
to the boundedness of the Riesz transforms (the Hilbert transform if
we are in R) on X , in the sense that the norm inequality for the latter
holds for functions in X ∩ L2. This is proved for Banach lattices X
with a Fatou property different from the one mentioned in Subsection
2.2, namely, if fn → f a.e. and ‖fn‖X ≤ 1, then f ∈ X and ‖f‖X ≤ 1.
If X =Mp(ϕ,w) this property is fulfilled (use Fatou’s lemma) and the
result can be applied. Hence, if M is bounded on Mp(ϕ,w) but the
Riesz transforms are not, then M is not bounded on Mp(ϕ,w)′.
We can obtain an extrapolation-type result also in the framework of
weighted local Morrey spaces. This is the counterpart of Theorem 7.1.
Theorem 7.3. Let 1 ≤ p0 <∞ and let F be a collection of nonnegative
measurable pairs of functions. Assume that for every (f, g) ∈ F and
every v ∈ Ap0 we have
(7.10) ‖g‖Lp0(v) . ‖f‖Lp0(v),
where the constant involved in the inequality does not depend on the pair
(f, g) and it depends on v only in terms of [v]Ap0 . Then for 1 < p <∞
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and w ∈ Ap,loc satisfying
(7.11) sup
B
1
|B|
‖χB‖LMq(ϕ,w)‖M(χB)
1
s‖LMq(ϕ,w)′ <∞,
for some q < p and some s > 1, and all balls B centered at the origin,
it holds
(7.12) ‖g‖LMp(ϕ,w) . ‖f‖LMp(ϕ,w).
Proof. The proof is almost the same as the one given for Theorem 7.1.
We only mention the small changes. The ball B is such that |cB| = 4rB,
and B˜ is as before.
The proof runs as before until (7.8). Then(∫
2B
f pw
) 1
p
≤
(∫
2˜B
f pw
) 1
p
. ϕ(2˜B)
1
p‖f‖LMp(ϕ,w).
When we are in Rn \ 2B we have
M(hswsχB)(y)
1
s .M(χB)(y)
1
s
w(B)
1
p
|B|
. M(χB˜)(y)
1
s
w(B˜)
1
p
|B˜|
,
where the first inequality is in the proof of Theorem 7.1 and the second
one is immediate because B ⊂ B˜ and both have comparable size. From
here the proof runs as before. 
We can apply again the result in [15]: the Riesz transforms are
bounded on LMq(ϕ,w) ∩ L2 if and only the Hardy-Littlewood maxi-
mal operator is bounded on LMq(ϕ,w) and LMq(ϕ,w)′. In particular,
w ∈ A(LMp(ϕ)) is necessary for the boundedness of the Riesz trans-
forms (compare with [12, Theorem 1.6]).
There are many applications of the theorems in this section to oper-
ators T satisfying (7.1) for pairs (|f |, |Tf |). We refer to the examples
presented in [3], for example. From the proof of the theorems it is also
deduced the embedding of the Morrey space into the union of weighted
Lebesgue spaces. This allows us to define the operator on the Morrey
space by restriction. See Section 4 of [5], for instance.
The applications to boundedness on weighted local Morrey spaces
are new.
8. Relation with Ap weights and with previous results
In this section we compare the results of this paper with our results
in previous papers in the case
(8.1) ϕ(B) = rλ1B w(B)
λ2/n.
We assume that 0 < λ1 + λ2 < n (see Proposition 2.4 in [5]). We also
assume that 0 ≤ λ2 ≤ n.
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8.1. The case of weighted global Morrey spaces. First we obtain
a necessary condition, a quantitative reverse doubling property, which
apparently has been overlooked in the literature concerning the Samko-
type weighted Morrey spaces. Another necessary condition saying that
the weights are in a certain Muckenhoupt class Aq with q depending
on p, λ1 and λ2 was also obtained in [5]. We will use the following
embedding result from [5].
Lemma 8.1. [5, Lemma 2.5] Let 1 ≤ p < ∞, 0 ≤ λ1, λ2 < n and
λ1 + λ2 < n. The embedding
L
pn
n−λ1−λ2 (w
n−λ2
n−λ1−λ2 ) →֒ Mp(ϕ,w)
holds for ϕ as in (8.1) and a constant depending only on n, λ and p,
not on w.
Proposition 8.2. Let 1 ≤ p <∞, 0 ≤ λ1, λ2 < n and 0 < λ1+λ2 < n.
Let w ∈ A(Mp(ϕ)).
(a) If B1 and B2 are balls such that B1 ⊂ B2, then it holds that
(8.2)
w(B1)
w(B2)
.
(
|B1|
|B2|
) λ1
n−λ2
.
In other words, w ∈ RD λ1
n−λ2
.
(b) The weight w is in Anp+λ1
n−λ2
.
Proof. (a) From the definition of the norm we have
(8.3) ‖χB2‖Mp(ϕ,w) ≥
(
w(B1)
1−
λ2
n
|B1|
λ1
n
) 1
p
.
On the other hand, for α to be chosen later we write
‖χB2‖Mp(ϕ,w)′ ≥
∫
B2
wα
‖wαχB2‖Mp(ϕ,w)
&
∫
B2
wα
‖wαχB2‖
L
pn
n−λ1−λ2 (w
n−λ2
n−λ1−λ2 )
,
using Lemma 8.1. We choose α such that
α = α
pn
n− λ1 − λ2
+
n− λ2
n− λ1 − λ2
,
that is α = λ2−n
n(p−1)+λ1+λ2
. Then
(8.4) ‖χB2‖Mp(ϕ,w)′ ≥
(∫
B2
wα
)n(p−1)+λ1+λ2
np
.
Use now the inequality
|B2| ≤
(∫
B2
w
) 1
q
(∫
B2
w
1
1−q
) 1
q′
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with 1/(1− q) = α. This gives(∫
B2
wα
)n(p−1)+λ1+λ2
np+λ1
(∫
B2
w
) n−λ2
np+λ1
≥ |B2|,
which implies
‖χB2‖Mp(ϕ,w)′ ≥
(∫
B2
w
)λ2−n
np
|B2|
np+λ1
np .
Therefore,
‖χB2‖Mp(ϕ,w)‖χB2‖Mp(ϕ,w)′
|B2|
≥
(
w(B1)
1−
λ2
n
|B1|
λ1
n
|B2|
λ1
n
w(B2)
1−
λ2
n
) 1
p
.
We get (8.2) from this inequality and the A(Mp(ϕ)) condition.
(b) For a ball B we use (8.3) with B1 = B2 = B and (8.4) with
B2 = B. Then
‖χB‖Mp(ϕ,w)‖χB‖Mp(ϕ,w)′
|B|
≥
1
|B|
(
w(B)1−
λ2
n
|B|
λ1
n
) 1
p (∫
B
w
λ2−n
n(p−1)+λ1+λ2
)n(p−1)+λ1+λ2
np
=
w(B) n−λ2np+λ1 w λ2−nn(p−1)+λ1+λ2 (B)n(p−1)+λ1+λ2np+λ1
|B|

np+λ1
np
.
Therefore, if w ∈ A(Mp(ϕ)) then w ∈ Anp+λ1
n−λ2
. 
In the case λ2 = 0 and λ1 ∈ (0, n) we are in the Samko-type space
and condition (8.2) is written in the form (1.5), that is, w ∈ RDλ1
n
.
In our previous papers [3, 4, 5] we imposed a reverse Ho¨lder con-
dition to control the quotients of the form w(B1)/w(B2), using (2.3).
Actually, a reverse doubling condition would be enough. In [4] we
even wondered about the necessity of a reverse Ho¨lder condition with
exponent σ = n/(n − λ), for which (2.3) would imply (1.5) (see the
comments at the end of [4, Section 5]). With the current result we see
that the weaker condition w ∈ RDλ1
n
is necessary.
From Proposition 8.2 we deduce in particular that w is doubling. For
other values of λ1 and λ2 not considered in the proposition we assume
that w is doubling. This ensures that ϕ is doubling. We also have that
w is reverse doubling and if w ∈ RDδ we have for balls B1 ⊂ B2,
ϕ(B1)
ϕ(B2)
=
(
rB1
rB2
)λ1 (w(B1)
w(B2)
)λ2/n
.
(
rB1
rB2
)λ1+δλ2
.
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Then we impose the condition λ1 + δλ2 > 0, which implies that ϕ is
reverse doubling. This condition is weaker than the condition λ1σ
′
w +
λ2 > 0 imposed in [5], due to (2.3). In particular, we do not assume a
priori that w satisfies a reverse Ho¨lder condition. Notice that λ1 can
be negative (in particular, it will be always negative for λ2 = n).
Remark 8.3. When w satisfies (8.2), we claim that the norm of the
characteristic function of the ball B in Mp(ϕ,w) is comparable to
(8.5)
(
w(B)1−λ2/n
|B|λ1/n
)1/p
.
Indeed, according to Remark 2.2 we only need to consider in (1.1) balls
contained in 2B. For such a ball Q, we have
w(Q ∩B)
|Q|λ1/nw(Q)λ2/n
≤
w(Q)1−λ2/n
|Q|λ1/n
.
w(2B)1−λ2/n
|2B|λ1/n
.
w(B)1−λ2/n
|B|λ1/n
,
which implies the claim. In particular, this shows that characteristic
functions of balls are in the Morrey space. Notice also that if the norm
of χB in M
p(ϕ,w) is comparable to (8.5), then (8.2) holds.
In the case 0 < λ2 ≤ n and 0 > λ1 > −δλ2, (8.5) for ‖χB‖Mp(ϕ,w) is
immediate without further assumption on w.
In the next result we prove that w ∈ Ap together with condition
(8.2), when it is needed, imply that the Muckenhoupt-Morrey condition
holds. This could be deduced from boundedness results for the Hardy-
Littlewood maximal operator in [5] and Theorem 3.1, but we give here
a direct proof. In this way, the result for M in [5] is obtained as a
consequence of Theorem 5.1.
Proposition 8.4. Let 1 ≤ p < ∞, 0 ≤ λ1, λ2 < n, 0 < λ1 + λ2 < n.
Then if w ∈ Ap and w ∈ RD λ1
n−λ2
(that is, w satisfies (8.2)), then
w ∈ A(Mp(ϕ)). Furthermore, if w ∈ RDδ with δ > λ1/(n− λ2), then
w ∈ Ap satisfies the stronger condition (7.2) for q = p, and also for
some 1 < q < p if p > 1.
If w ∈ Ap ∩ RDδ, 0 < λ2 ≤ n, and 0 > λ1 > −δλ2, it holds (7.2)
and in particular w ∈ A(Mp(ϕ)).
Proof. First we use Remark 8.3 to write a bound for ‖χB‖Mp(ϕ,w),
namely,
(8.6) ‖χB‖Mp(ϕ,w) .
(
w(B)1−λ2/n
|B|λ1/n
)1/p
.
The bound for ‖χB‖Mp(ϕ,w)′ is as follows. If ‖f‖Mp(ϕ,w) ≤ 1 and
p > 1 we have∫
B
f ≤
(∫
B
f pw
)1/p
w1−p
′
(B)1/p
′
≤ [|B|λ1/nw(B)λ2/n]1/pw1−p
′
(B)1/p
′
,
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and the right-hand side is a bound for ‖χB‖Mp(ϕ,w)′. If p = 1,∫
B
f .
(∫
B
fw
)
|B|
w(B)
≤ |B|1+λ1/nw(B)−1+λ2/n,
and we obtain a bound for ‖χB‖M1(ϕ,w)′.
Inserting the obtained bounds in the definition of A(Mp(ϕ)) we see
that the inclusion of the statement holds.
Assume now that w ∈ RDδ with δ > λ1/(n − λ2). To check (7.2)
we need to get a bound for ‖M(χB)
1/s‖Mp(ϕ,w)′. Using the pointwise
bound
(8.7) M(χB)
1/s(x) .
∞∑
k=1
2−kn/sχ2kB(x)
and the previous calculations, we have for p > 1
‖M(χB)
1/s‖Mp(ϕ,w)′ .
∞∑
k=1
2−kn/s‖χ2kB‖Mp(ϕ,w)′
.
∞∑
k=1
2−kn/s[|2kB|λ1/nw(2kB)λ2/n]1/pw1−p
′
(2kB)1/p
′
.
Since w ∈ Ap we have
w1−p
′
(2kB)1/p
′
. |2kB|w(2kB)−1/p.
Therefore,
(8.8) ‖M(χB)
1/s‖Mp(ϕ,w)′ .
∞∑
k=1
2k(
n
s′
+
λ1
p )|B|1+
λ1
npw(2kB)(
λ2
n
−1) 1p .
(This estimate is valid for p = 1 too, using for ‖2kχB‖M1(ϕ,w)′ the
bound obtained above.) The last exponent in (8.8) is negative, hence
using that w ∈ RDδ we have
w(2kB)(
λ2
n
−1) 1p . w(B)(
λ2
n
−1) 1p2−kδ(n−λ2)
1
p .
Inserting this into (8.8) we get a convergent series by choosing s close
enough to 1 such that the exponent of 2k is negative and this is possible
if δ > λ1/(n− λ2) as required. With this choice of s we obtain
(8.9) ‖M(χB)
1/s‖Mp(ϕ,w)′ . |B|
1+
λ1
npw(B)(
λ2
n
−1) 1p ,
which together with (8.6) implies (7.2).
When λ2 = n calculations are simpler (no reverse doubling condition
is needed for w). In (8.8) the last term is missing and the series is
convergent by choosing s such that n/s′+ λ1/p < 0, and this is always
possible because λ1 < 0. Then we have (8.9) without the last factor
and this is what we need.
In the case p > 1 we know that there exists q ∈ (1, p) such that
w ∈ Aq. Then it satisfies (7.2) for such value of q.
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For w ∈ Ap ∩ RDδ, 0 < λ2 ≤ n, and 0 > λ1 > −δλ2, the proof
also works. The estimate (8.6) holds as was indicated in Remark 8.3,
and the computations for ‖M(χB)
1/s‖Mp(ϕ,w)′ are also valid up to (8.8).
Now the exponent of 2k is clearly negative for s close enough to 1. 
In [4, 5] the result in the previous proposition was improved to
weights of the form v(x) = |x|αw(x) where w ∈ Ap and α is a suit-
able positive number. We check directly that those weights are also
included in the Muckenhoupt-Morrey condition. Notice that for some
q depending on α, v is in Aq, because |x|
α is a negative power of an
A1-weight.
The range of values of α is defined as follows. Assume that w ∈
RDθ(0) in the sense of Section 2, that is,
(8.10)
w(B(0, r))
w(B(0, R))
.
( r
R
)nθ
for all 0 < r < R.
Assume that 0 ≤ λ2 ≤ n and λ1 + λ2θ > 0. Then α satisfies
(8.11) 0 ≤ α <
{
n
n−λ2
(λ1 + λ2θ) , λ2 < n,
∞, λ2 = n.
The following lemma is in [5, Lemma 2.9] (with less restrictions on
λ2).
Lemma 8.5. Let w ∈ Ap. (a) Let B be a ball such that rB ≤ |cB|/4
and f nonnegative. Then for arbitrary α it holds(
1
|B|
∫
B
f
)p
≤ Crλ1B v(B)
λ2
n
−1‖f‖pMp(ϕ,v).
(b) Let B centered at 0 and f nonnegative. Then for 0 ≤ λ2 ≤ n and
α as in (8.11) it holds(
1
|B|
∫
B
f
)p
≤ Cr
λ1+α(λ2n −1)
B w(B)
λ2
n
−1‖f‖pMp(ϕ,v).
These estimates can be written as estimates for ‖χB‖Mp(ϕ,v)′ by tak-
ing the supremum among those f such that ‖f‖pMp(ϕ,v) ≤ 1. More
precisely, for B such that rB ≤ |cB|/4 we have
(8.12) ‖χB‖Mp(ϕ,v)′ . r
n+
λ1
p
B v(B)
λ2−n
np ,
and for B centered at the origin we have
(8.13) ‖χB‖Mp(ϕ,v)′ . r
n+
λ1
p
+
α(λ2−n)
np
B w(B)
λ2−n
np .
Proposition 8.6. Let 1 ≤ p <∞, 0 ≤ λ1, λ2 < n and 0 < λ1+λ2 < n.
Let w ∈ Ap satisfying (8.2), and let α be as in (8.11). If v(x) =
|x|αw(x), then v ∈ A(Mp(ϕ)).
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Even more if w ∈ RDδ with δ > λ1/(n − λ2), then v satisfies the
stronger condition (7.2) for q = p, and also for some 1 < q < p if
p > 1.
The same result holds for w ∈ Ap∩RDδ, 0 < λ2 ≤ n, 0 > λ1 > −δλ2,
and α as in (8.11).
Proof. (a) Let B be such that |cB| > 4rB. Then for y ∈ B we have
|y|α ∼ |cB|
α, from which it follows that v(B) ∼ |cB|
αw(B). Proceeding
as in the proof of Proposition 8.4 we have instead of (8.6)
‖χB‖Mp(ϕ,v) ≤
(
[|cB|
αw(B)]1−
λ2
n
|B|
λ1
n
) 1
p
.
(This is obtained as in Remark 8.3 observing that for x ∈ 2B we have
|x| ∼ |cB|.) Using this estimate together with (8.12) we see that v
satisfies the A(Mp(ϕ)) condition.
(b) Let B be centered at the origin. The bound for ‖χB‖Mp(ϕ,v) is
now
‖χB‖Mp(ϕ,v) ≤
(
[rαBw(B)]
1−
λ2
n
|B|
λ1
n
) 1
p
.
For ‖χB‖Mp(ϕ,v)′ we have (8.13). It follows that v ∈ A(M
p(ϕ)).
(c) For the stronger condition (7.2) when w ∈ RDδ, we proceed as in
the proof of Proposition 8.4. The bounds of ‖χB‖Mp(ϕ,v) are in parts
(a) and (b). On the other hand, we use the pointwise bound (8.7) and
take the bounds (8.12) and (8.13) for the norm of χ2kB in M
p(ϕ, v)′.
If B is centered at the origin, all the balls 2kB are also centered at the
origin and we only need (8.13). If B is such that |cB| > 4rB, we use
(8.12) for those values of k such that |cB| > 4 · 2
krB, and (8.13) for
the other values of k, after replacing 2kB with 2˜kB (using the notation
introduced in Section 6). The details are left to the reader. 
8.2. The case of weighted local Morrey spaces. Lemma 8.1 is
clearly true for LMp(ϕ, v), which contains Mp(ϕ, v).
Part (a) of Proposition 8.2 holds for A(LMp(ϕ)) weights if B1 and
B2 are centered at the origin (that is, w ∈ RD λ1
n−λ2
(0)), and part (b)
holds with Anp+λ1
n−λ2
,0
. (The class Ap,0 is like the usual Ap class, but the
condition is restricted to balls centered at the origin.)
The first part of Proposition 8.4 for the local weights is the following:
if w ∈ Ap,0 ∩ RD λ1
n−λ2
(0), then w ∈ A0(LM
p(ϕ)) (we have (8.6) due
to the embedding of Mp(ϕ,w) into LMp(ϕ,w)). In the proof of the
second part of the proposition we cannot use now that w ∈ Ap,0 implies
w ∈ Aq,0 for some q < p (see [2]). But when we want to apply Theorem
7.3, we also require w ∈ Ap,loc, and Ap,0 ∩ Ap,loc = Ap. Therefore,
Proposition 8.4 is valid for weighted local Morrey spaces instead of
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weighted global Morrey spaces. The same thing applies to the extension
to weights of the form |x|αw(x) of Proposition 8.6. Here we only need
part (b) of the proof of the proposition and (8.13).
8.3. Applications to operators. Combining the extrapolation re-
sults of Section 7 with the particular results in this section, we obtain
immediately for the corresponding weighted global and local Morrey
spaces the boundedness of the operators which are bounded on Lp(w)
with w ∈ Ap. In particular, we can mention Caldero´n-Zygmund op-
erators and their associated maximal operators, square functions (of
Littlewood-Paley type and others), rough operators with hmogeneous
kernel Ω(x/|x|)|x|−n and Ω ∈ L∞ with vanishing integral, Bochner-
Riesz operators at the critical index, commutators, vector-valued ex-
tensions, etc. Weak-type estimates for p = 1 are obtained too (except
for commutators). In the setting of weighted local Morrey spaces sev-
eral of these results are new.
8.4. Power weights. Let us consider the particular case w(x) = |x|β
for β > −n. These weights were thoroughly studied in [5] for ϕ as in
(8.1) and a larger range of values of λ1 and λ2. Let us apply the results
in this section for glocal and local Morrey spaces.
First notice that |x|β ∈ RDδ for δ = min(1, 1 + β/n). In particular,
the exponent is less than 1 only for β < 0. If we restrict to balls centered
at the origin, |x|β ∈ RD1+β/n(0). This is the value of θ appearing in
(8.10) for power weights.
Let 0 ≤ λ1, λ2 < n and 0 < λ1 + λ2 < n. Then w ∈ Ap ∩ RD λ1
n−λ2
if
and only if
(8.14) −
n(n− λ1 − λ2)
n− λ2
≤ β < n(p− 1).
The left bound is imposed by the reverse doubling condition and the
right one by the Ap condition. (The same bounds are imposed if
we consider only balls centered at the origin.) Those weights are in
A(Mp(ϕ)) according to Proposition 8.4. But we can improve the right
bound using Proposition 8.6. Indeed, if w(x) = |x|γ ∈ Ap we have
v(x) = |x|α+γ ∈ A(Mp(ϕ)) with α given by (8.11):
0 < α <
n
n− λ2
[
λ1 + λ2
(
1 +
γ
n
)]
.
Since γ can be arbitrarily close to n(p− 1), the range in (8.14) can be
improved to
(8.15) −
n
n− λ2
(n− λ1 − λ2) ≤ β <
n
n− λ2
[n(p− 1) + λ1 + λ2].
In the case of 0 < λ2 < n and negative λ1, the left bound is −n. In
the case λ2 = n, the range is −n < β < ∞. Under the conditions of
Proposition 8.2 the range in (8.15) is sharp for w ∈ A(Mp(ϕ)), because
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part (b) imposes the right-hand side. It is also sharp for 0 < λ2 < n
and negative λ1 (see [5, Proposition 3.2]).
For the stronger condition (7.2) the left point β = −n(n−λ1−λ2)
n−λ2
is lost
because we need a slightly better reverse doubling condition.
For the relevant cases appearing in the literature these results par-
ticularize to the following. Let w(x) = |x|β and
• ϕ(B) = rλB, 0 < λ < n (Samko-type): −n+λ ≤ β < n(p−1)+λ;
• ϕ(B) = w(B)λ/n, 0 < λ < n (Komori-Shirai-type): −n < β <
n
n−λ
[n(p− 1) + λ];
• ϕ(B) = r−λB w(B), 0 < λ < min(n, n+ β) (Poelhuis-Torchinsky-
type): −n+λ < β <∞. This case corresponds to λ1 = −λ and
λ2 = n, and the left bound comes from λ1 + δλ2 > 0, imposed
to ensure that ϕ is reverse doubling. However, it was proved in
[5, Proposition 2.10(c)] that if λ1 + δλ2 < 0 the Morrey space
is {0}.
The operatorM is bounded onMp(ϕ) and on LMp(ϕ) if 1 < p <∞
and β is in the given range. (In [5] the left endpoint needed a specific
proof because a reverse Ho¨lder inequality was used instead of a reverse
doubling one.) For p = 1 it is bounded from M1(ϕ) to WM1(ϕ) and
from LM1(ϕ) to WLM1(ϕ). For M0 the estimate is of strong type
also for p = 1.
For operators T for which the pairs (|f |, |Tf |) satisfy (7.1), the same
results hold for 1 < p < ∞ except for the left endpoint, when it is
reached in the range of β. The weak estimates for p = 1 also hold if
(7.1) is satisfied for p = 1 with a weak-type estimate and A1 weights.
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